We give some sufficient conditions for projective normality of complete non-singular varieties of degree five. And we prove that every complete non-singular surfaces of degree five embedded by a complete linear system is projectively normal.
Introduction. Let X be a complete non-singular variety over an algebraically closed field, and let L be an ample line bundle on X. The classification of some (X, L) is found in Fugita's papers (Fujita [1] , [2] , [3] , [4] ). In this paper, we consider the projective normality of (X, L) and the defining equations. This problem is trivial in the case of (D n ) = 1,2 where n = dimX and S> = <9{D). If (D n ) = 3, then (X, L) is projectively normal and the ideal is generated by degree 2 and 3 (X.X.X. [11] ). If (D n ) = 4, then (X, L) is projectively normal and the ideal is generated by degree 2 and 3 (Swinnerton-Dyer [10]). So we consider the case of (D n ) = 5. In this paper we give some sufficient conditions for projective normality of varieties of degree 5 and give the generator of the defining ideal. The main part of this paper is the case of (D n ) = 5 and A(X, L) = 2 (other cases are clearly obtained by Fujita's theory). This is a non-degenerate and non-singular variety of codimension 2 in some projective space Ψ N . On the other hand, the following conjecture is known as a conjecture of Hartshorne.
Conjecture (cf. Hartshorne [6] ). If X c P^ is a non-singular closed subvariety and dimX > 27V/3, then X is a complete intersection.
If this conjecture is true, then we obtain that every non-degenerate and non-singular variety which is degree 5 and codimension 2 is not contained in P^ for N > 7. As every non-singular variety is projectively normal if it is a complete intersection, therefore the results in this paper are recognized as a step to prove the above conjecture. Throughout this paper, variety means a complete non-singular variety.
where n = dimX and L = The above pair (X, JL) is called a polarized non-singular variety. DEFINITION ([8] ). Let (X, L) be a polarized non-singular variety. We say that L is normally generated if is surjective for any positive integer k. And in this case, we call (X, L) projectively normal. DEFINITION ([2] ). Let (X, L) be a polarized non-singular variety and set L = *?(/)). Let V be a reduced irreducible non-singular member of \D\ (if there exists). We call V a regular member if is surjective.
where L = ^(D) and n = dimZ. We call this g(X 9 L) a sectional genus of (X, L).
If L is very ample, then this g(X 9 L) is the genus of the generic curve section of X in the projective embedding defined by L. 
By the above equation, the last part of this theorem is clear.
THEOREM B. If X is a variety and L is a very ample line bundle
Proof. It is a well-known fact (see Fujita [1] ). 
Proof. This is a well-known classical theorem (see Fujita [1] ).
Proof. We prove this theorem by the induction on n = dimX. If n = 1, then this theorem is trivial. We may assume that n > 2. Let V be a reduced irreducible non-singular member of |D| where 3> = (9{ϋ). By the induction hypothesis, we assume Δ(F, 
then every reduced irreducible non-singular member V e \D\ is a regular member;
(
is projectively normal and
Proof. See Fujita [2] . As L is very ample, the proof is the same in the case of characteristic p > 0.
THEOREM F. Let IcP^ be a closed non-singular subvariety which is not contained in any hyperplane. If the degree of X is 4, then X is of the following type:
(a) hypersurface, 
then (X, L) is projectively normal and the defining ideal of (X, L) is generated by degree 2 and 3.
To prove this theorem, we prepare two lemmas. LEMMA 1. Let (X, L) be as above. Let V be a reduced irreducible non-singular member of \D\. If the homogeneous ideal of (V, Lγ) is generated by degree 2 and 3, then the homogeneous ideal of (X, L) is generated by degree 2 and 3.
Proof. Let I(k) be the polynomials defined by
where S k is a kth symmetric product and let Iy(k) be the polynomials defined by
I v {k) =
We prove this lemma by induction on L In the case of k = 2, 3, this lemma is trivial. We assume that I(k) is generated by 7(2) and 7(3). By Theorem E (a) in §1, V is a regular member. Moreover (X, L) and (F, Ly) are projectively normal by Theorem E(b) in §1. Therefore we obtain the following diagram: By the snake lemma, π is a surjective map. By the assumption, Iv(k + 1) is generated by degree 2 and 3. Therefore I(k + 1) is generated by degree 2 and 3. Proof. See Saint-Donat [9] .
Proof of Theorem 1. It is clear by Lemma 1 and Lemma 2. We prepare the following two lemmas. Proof, Let # c (l) = &{D). We obtain the following diagram: i projection
As (C, &(D)) is projectively normal, hence

H°(C, d? c (k)) ® H°(C, d?c(m)) -+ H°(C, <? c (fc + m))
is surjective for every k 9 m > 1. By the assumption, the canonical map H°(F\d is injective. Now we show that is an isomorphism. As /*°(P 3 , ^(2)) = *°(C, t? c {2)) = 10, therefore we may show that is injective. If this is not true, then there exists some quadratic surface Q in P 3 with Q D C. If Q is non-singular, then the degree of C = a + b and the genus of C = ab -a -b + 1 for some integers a, b. This cannot occur because the degree of C = 5 and the genus of c = 1. If Q is singular, then the genus of C = a 2 -a for odd degree 2a + 1 of C. Hence degree of C = 5 and genus of C = 1 does not occur. Therefore the above map is injective, hence is an isomorphism. Next we show that /7°(P 3 , ^(3)) -> H°(C, ^ (3)) is surjective. We take the basis of H°(C, ^c(l)) with *! , X 29 X 3 ], where space. (2)), and therefore we obtain the following relations:
where / = 0, 1, 2, 3, 4 and // (i = 1,2,3,4) are homogeneous polynomials of degree 2. As (C,^c(l)) is projectively normal, hence
H°(C, ^c(l))
03 -> ^°(C, ^c (3)) is surjective. Therefore we obtain the generators of H°(C, ^c (3) The part (1) is clearly the image of //°(P 3 , ^ (1)). And the relation (*) says that the part (2) 
I I
In this, we obtain the following commutative diagram:
where σ , C, are defined by f v-> fs . Therefore we obtain is surjective if k > 2. Hence Hence we obtain that a is a surjective map. Next we consider the following commutative diagram: 
